A group G is called logically cyclic if it has an element s such that every element of G can be defined by a first-order formula with parameter s. The aim of this paper is to investigate the structure of such groups.
Let L D . ; 1 ; 1/ be the language of groups. Suppose that G is a group and S Â G. We extend L to a new language L.S/ by adding a new constant symbol a s for all s 2 S . So we have L.S/ D L [ ¹a s W s 2 Sº. Then G becomes an L.S/-structure if we take s to be the interpretation of a s in G. Now suppose that g 2 G is an arbitrary element and that there exists a first-order formula '.x/ in the language L.S/ (with a free variable x) such that ¹gº D ¹x 2 G W G '.x/º: Then we say that g is definable by the elements of S, or S-definable for short. Let def S .G/ be the set of all S -definable elements of G. Clearly this subset is a subgroup. If def S .G/ D G, then we say that S logically generates G. A logically cyclic group is a group which is logically generated by a single element. A cyclic group is clearly logically cyclic as every element can be defined as a power of the generator. The converse is not true. For example the additive group of rationals G D .Q; C/ is logically cyclic as the element g D m=n can be defined by the formula nx D m, which is clearly a first-order formula having s D 1 as a parameter. It is easy to see that all subgroups of G D .Q; C/ are logically cyclic. We shall prove that every finite logically cyclic group is cyclic in the ordinary sense. We also determine all finitely generated logically cyclic groups as well all torsion-free logically cyclic groups.
Preliminaries
We shall use the definability theorem of Svenonius to study definable elements in groups. For the case of finite groups, we use a version of this theorem that can be proved by an elementary argument. We briefly discuss this well-known result of model theory. Let L be a first-order language and M be a structure in L. An n-ary relation R Â M n is said to be definable if there exists a formula '.x 1 ; : : : ; x n / in the language L such that R D ¹.x 1 ; : : : ; x n / 2 M n W M '.x 1 ; : : : ; x n /º: It is easy to see that if R is definable, then every automorphism of M preserves R.
To investigate the converse we need the concept of elementary extension. For any L-structure M , suppose that Th.M / is the first-order theory of M , i.e. the set of all first-order sentences that are true in M . We say that an L-structure M 0 is an elementary extension of M if M is a substructure of M 0 and Th.M / Â Th.M 0 /. We are now ready to review the theorem of Svenonius. For a proof, see [4] . Now assume that G is a group, S is a subset, and L.S/ is the extended language of groups with parameters from S. Clearly a singleton set ¹gº can be regarded as a unary relation in G. So we can restate the above theorem, for S -definability of elements in G. If G is a finite group, then the only elementary extension of G is G itself, because there exists a first-order sentence that says that G has jGj elements. Hence, for the case of finite groups, we have Corollary 1.3. An element g is S -definable in a finite group G if and only if each automorphism that fixes all elements of S also fixes g.
Here is an independent elementary proof of this special case of Svenonius's theorem.
Proof. Let g 2 G be invariant under every automorphism that fixes all elements of S . We may assume that g … S . Let G D ¹g 1 ; g 2 ; : : : ; g n º be an enumeration of the elements of G with g 1 D 1, ¹g 2 ; : : : ; g m º D S and g mC1 D g. From the Cayley table of G we determine the unique numbers .i; j / such that g i g j D g .i;j / . We introduce the following formula '.y/ in the language L.S/:
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This completes the proof.
An automorphism˛W G ! G is said to be an S-automorphism if it fixes S elementwise. In the semidirect product O G D Aut.G/ Ë G, the set of S-automorphisms of G is just the centralizer C Aut.G/ .S/. We will use this centralizer notation in the rest of the article. So, for an arbitrary group, we have
where A D C Aut.G/ .S/. If G is finite, then by Corollary 1.3, we have the equality
Suppose that G is logically cyclic. So G D def s .G/ for some s. This shows that G D C G .A/ and therefore we have the implication
For finite groups, Corollary 1.3 implies that the converse is also true, i.e. if there exists an element s satisfying the above implication, then G is logically cyclic. We prove below that every logically cyclic group is abelian. A similar argument shows that for any group G and every element s 2 G, the subgroup def s .G/ is also abelian (see also the discussion at the end of the next section). More generally, one can prove that, if a group G is logically generated by a commuting set of elements S, then it is abelian. We do not know whether a group G must be nilpotent if it is logically generated by a set S such that hS i is nilpotent. So, considering the inner automorphism˛W x 7 ! sxs 1 , we obtain s 2 Z.G/. Now let g 2 G be an arbitrary element and letˇW x 7 ! gxg 1 . Since OEg; s D 1, soˇ.s/ D s and thereforeˇD id G . This shows that g 2 Z.G/ and hence G is abelian.
If every element of G is definable in the language of groups, then we must have
and so Aut.G/ D 1, which shows that G D 1 or G D Z 2 . So the groups 1 and Z 2 are the only groups in which every element is definable in the language of groups.
As we saw, if a group G is logically cyclic, then there exists an element s 2 G such that˛.s/ ¤ s for all non-identity automorphisms˛. In this case, the orbit of s under the action of Aut.G/ on G has the same cardinality as Aut.G/. So, for logically cyclic groups, we have jAut.G/j Ä jGj:
The case of finite groups
We are now ready to prove one of our main theorems. Theorem 2.1. Let G be a finite logically cyclic group. Then G is cyclic.
Proof. As we noted before, G is abelian and so it is a direct product of cyclic groups of prime-power order. Note that if a finite group G D G 1 G 2 is logically cyclic, then both G 1 and G 2 are logically cyclic. This is because, if for example G 1 is not logically cyclic, then (by Corollary 1.3) for all s 1 2 G 1 , there exists a non-identity automorphism ' 1 2 Aut.G 1 / such that ' 1 .s 1 / D s 1 . Hence for all .s 1 ; s 2 / 2 G, the non-identity map .' 1 ; id G 2 / 2 Aut.G/ satisfies
and this violates the logically cyclicity of G. The converse is also true if the orders of G 1 and G 2 are co-prime, since in this case we have
Since a direct product of cyclic groups of co-prime orders is cyclic, the above argument shows that it is enough to assume that G has the form Z p e 1 Z p e t with p prime and 1 Ä e 1 Ä Ä e t . By [3] , the order of Aut.G/ can be computed as follows. Let
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Suppose that t 2. Since G is logically cyclic, by the above observation, the group A D Z p e 1 Z p e 2 is logically cyclic. We compute the order of Aut.A/, using the above formula. Note that, in the case of the group A, we have
Applying the requirement jAut.A/j Ä jAj, we obtain
We consider various possibilities for d 1 and d 2 .
(1) First, note that the case d 1 D 1 and c 2 D 1 is impossible.
(2) If d 1 D 1 and c 2 D 2, then we have .p 1 1/.p 1/p 3e 1 C2e 2 e 1 2e 2 C2 Ä p 4 ;
and hence .p 1/ 2 p 2e 1 C2 Ä p 4 :
Now the case e 1 > 1 is impossible and hence e 1 D 1. This shows that p D 2 and hence A D Z 2 Z 2 f for some f 2. It is easy to see that
and therefore the whole group A D Z 2 Z 2 f must be the orbit of s under the action of its automorphism group, and this is not the case. We get a contradiction.
(3) Let d 1 D 2 and c 2 D 1. This shows that e 1 D e 2 , and hence .p 2 1/.p 1/p 2e 1 C1 Ä p 4 :
Again, e 1 > 1 is impossible and if e 1 D 1, then .p 2 1/.p 1/ Ä p, which is a contradiction. (4) Finally, note that the case d 1 D 2 and c 2 D 2 is also impossible. This argument shows that the inequality t 2 is not possible, and the proof is complete.
A caution is necessary here. The subgroup H D def s .G/ is strongly dependent on G: its elements are definable in G in terms of the parameter s, but they need not be definable in H . In particular, H need not itself be logically cyclic. If it were, then for each finite group G and each s 2 G the group C G .C Aut.G/ .s// would be cyclic by Theorem 2.1. Easy examples, such as the dihedral group of order 8, show that this is false.
However, in some cases, the subgroup def s .G/ is also logically cyclic. This holds if G is a divisible abelian group: to see this, one may use the quantifier elimination property of divisible abelian group and argue as in the proof of Theorem 3.3 below.
The case of infinite groups
In this section, we determine the structure of logically cyclic groups for the following cases:
(1) finitely generated groups,
(2) divisible groups, (3) torsion-free groups.
Suppose that G D def s .G/ is a logically cyclic group and H D hsi. Then as we saw in the introduction, the subgroup H is an Aut-basis of G in the sense of [1] and [2] . This means that every automorphism of G is uniquely determined by its action on H . So, from [1] , we have Hom.G=H; H / D 0:
Applying results of [2] concerning finite Aut-bases, we obtain the following facts about the group G.
(1) If G is periodic, then it is finite so by the previous section it is cyclic.
(2) If G is periodic by finitely generated, then it is finitely generated.
(3) Aut.G/ is countable. This is also a result of the inequality jAut.G/j Ä jGj, which is valid for all logically cyclic groups.
(4) If s has finite order then G is finite and so it is cyclic.
(5) The quasi-cyclic groups Z p 1 and the additive group Q=Z are not logically cyclic.
We now determine the structure of all finitely generated logically cyclic groups.
Proposition 3.1. Let G be a finitely generated group. Then G is logically cyclic if and only if G is cyclic or G D Z Z 2 .
Proof. We have G D Z n˚A for some finite group A. It is easy to apply Corollary 1.3 to see that A is also logically cyclic, so by the previous section A D Z m , for some m. Now suppose that n > 1 and H D hsi. Since s has infinite order by the fact (4) above, we have G=H D Z n 1˚A and hence there exists a non-zero homomorphism G=H ! H , contradicting the fact Hom.G=H; H / D 0. Therefore n Ä 1. Now suppose that G is not cyclic; thus n D 1. We show that m D 2. First, the group G D Z Z 2 is actually a logically cyclic group, logically generated by s D .1; 0/. Clearly all elements of the form .u; 0/ can be defined by x D us, so consider an element of the form .u; 1/. Since we have .u; 1/ D us C .0; 1/ and .0; 1/ is the only element of order 2 in the whole group, so we can define .u; 1/ by the formula 8y ..2y D 0^y ¤ 0/ H) x D us C y/:
Suppose now that m 3 and s D .u; v/ is a logical generator of G. Note that s cannot be of the form .u; 0/, because in this case we can fix a non-identity auto-morphism˛2 Aut.Z m / (as m 3) and then the non-identity automorphism .id;˛/ will fix s, which is impossible. Also it is impossible to have s D .0; v/, since in this case o.s/ is finite and this implies that G is also finite by the fact (4) above.
Recall that every endomorphism f W G ! G can be represented as a matrix
We know that this is an automorphism if and only if the matrix M is invertible and this happens just in the case .a; m/ D 1. Note that also M represents the identity if and only if a D 1 and m divides b. We first investigate the case when m and u are coprime. Choose a ¤ 1 coprime to m (this is possible as we assumed that m 3). Then there is an integer b such that bu C .a 1/v Á 0 .mod m/:
So, consider the automorphism
This shows that s cannot be a logical generator of G. So, we have d D .m; u/ > 1. Now put a D 1 and b D m=d and consider again the automorphism M . This is a non-identity automorphism as m does not divide m=d . It is easy now to see M s D s, a contradiction.
A similar argument shows that if G is a torsion-free logically cyclic group, then so is G Z 2 . To see this, first we show that Q Z 2 is logically generated by s D .1; 0/. Clearly every element of the form .m=n; 0/ can be defined by nx D ms, so consider the element .m=n; 1/. This element can be defined by
We can apply this observation and Theorem 3.3 below to prove the general case.
The next proposition shows that the additive group of rationals is the only divisible logically cyclic group. Proof. By a well-known theorem on divisible abelian groups, G is a direct product of copies of Q and quasicyclic groups Z p 1 for primes p. If there is a direct factor of the latter type, then for some prime p the group Aut.Z p 1 / embeds in Aut.G/. But Aut.Z p 1 / is uncountable while jAut.G/j Ä jGj is countable. Therefore we have G D Q I for some index set I . Let jI j > 1. Then for any 0 ¤ s 2 Q I , we can construct a non-trivial automorphism˛2 GL I .Q/ such that˛.s/ D s. But this contradicts the assumption that G is logically cyclic.
Finally, we give a characterization of logically cyclic torsion-free groups. In the proof, we use the well-known quantifier elimination property of divisible groups, which says that in such a group, every first-order formula is equivalent to a quantifier-free one. Proof. Let G be the divisible envelope of G; so G is an essential subgroup of G , i.e. for any u 2 G n ¹0º the intersection G \ hui is non-trivial. We prove that G is also logically cyclic and s is its logical generator. Suppose that 0 ¤ u 2 G .
There is a non-zero integer m such that 0 ¤ mu D v 2 G. Let '.x/ be a formula that defines v in G. Since G is divisible, it has the quantifier elimination property. Hence in G , the formula '.x/ is equivalent to a quantifier-free formula .x; a/, where a is a set of elements of G . Note that .x; a/ is a Boolean combination of atomic formulae of the form m ij x D a ij with m ij 2 Z and a ij 2 G , so
.m ij x D a ij /˙; where˙indicates an atomic formula or a negation of an atomic formula. Since v is a solution of the formula .x; a/, for some index i we have
.m ij v D a ij /˙: If all signs˙in the formula are negative, then there will be infinitely many solutions for it in G, which is not the case. So, there is a j such that m ij v D a ij . Since G is torsion-free, we conclude that v is defined by m ij v D a ij in G , i.e.
'.x/ Á .m ij v D a ij /:
Now consider the following formula in the language of groups with parameter s, 8x .'.x/ H) my D x/:
Clearly this formula defines u in G and so, G is logically cyclic. By the previous proposition, G D Q, and the proof is complete.
One may consider the classification of logically cyclic algebraic structures other than groups. An algebra A in an algebraic language L is said to be cyclic if it is generated by a single element. It is called logically cyclic if every element of A can be defined by a first-order formula containing a fixed parameter from A. If A is finite, then A is the only elementary extension of itself, as in Corollary 1.3. So an element a 2 A is definable using a parameter s if and only if every automorphism of A which fixes s also fixes. To determine the relation between cyclic and logically cyclic algebras may need further ideas because in general we have little information about Aut.A/.
